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This document contains additional results, analysis, and extended derivations in support of the primary text. Ap-
pendix A includes high-resolution images of the prototype. Appendices B and C further document 3D display and
HDR imaging, respectively. Appendix D summarizes optimization of display parameters depending on target light
field content. Finally, Appendix E provides an extended analysis of depth of field for multi-layer displays.

A High-Resolution Images of the Multi-Layer Display Prototype

Attenuation Layers

Figure S.1: Additional photographs of one of the display prototypes (top row), along with the individual attenuation
layers (center and bottom rows).



B Additional Results for 3D Image Display
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Figure S.2: The upper two rows show a pair of views from the car light field and simulated reconstructions with
two, three, and five attenuation layers; the computed layers are shown underneath in the second, third, and fourth
columns, respectively. The light field has a resolution of 384x512x7x7 samples and covers a field of view of 10°.
The layers are equally separated with a depth range of 1/2”, which corresponds to four 1/8” plexiglass sheets. The
absolute error is shown in the left column, indicating artifacts tend to concentrate at steeper viewing angles.
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Figure S.3: Additional results and layer decompositions for the dragon scene with the same parameters as the car.
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Figure S.4: Additional results and layer decompositions for the dice scene with the same parameters as the car.
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Figure S.5: Additional results and layer decompositions for the butterfly scene with the same parameters as the car.
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Figure S.6: Additional results and layer decompositions for the numbers scene. Parallax barrier displays can
synthesize arbitrary views, such as the number five, at a reduced spatial resolution (second column). To highlight
a common problem of these displays, being limited contrast, the contrast of each layer is simulated to be 4:1 in all
examples. An attempt to synthesize this light field at the full spatial resolution, using our tomographic approach for
the same overall display thickness, fails (third column). At the same sub-sampling rate, however, the tomographic
solution creates attenuation patterns that are similar to those of parallax barrier systems, but also increase contrast
in a content-adaptive manner (fourth column). Thus, a similar image resolution as parallax barriers, but with
increased contrast, can be achieved for this case (i.e., flip animations) using multiple, disjoint attenuation layers.



C Additional Results for High Dynamic Range Image Display
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Figure S.7: Expanded results for multi-layer high dynamic range image display. The first row shows the desired
high-contrast image, together with photographs of stacked printed transparencies placed on a light box. From left
to right, the physical prototype configuration consists of a single transparency (second column), two transparencies
separated by a 1/8” plexiglass spacer (third column), and three transparencies with 1/8” plexiglass spacers between
each (fourth column). Although overall contrast increases, accurately displaying high-frequency details over a 10°
field of view at high-contrast is problematic; for example, as seen around the left-most windows in the absolute
error plots in the left column, artifacts occur even with multiple layers. The computed attenuation layers are shown
underneath each photograph. Note that layers are optimized subject to the black level of the printer.
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Figure S.8: Additional analysis of the modulation transfer function. Multiple 2D light fields, containing different
spatial frequencies at a high contrast, are shown in the top row. Light fields are parameterized with the spatial
coordinate x on the front-most attenuation layer. The local linear angle v = tan(0) gives the relative distance
along on a plane at unit distance from the x-axis. The light fields are generated to contain only spatial variation
along the x-axis and correspond to desired 1D image frequencies appearing on the front layer. A reconstruction
for three disjoint layers, each having a limited contrast of 2:1, is shown in the center row. The corresponding
optimized 1D layers are shown along the bottom row. Note that, although high contrast can be reproduced for
lower spatial frequencies, it becomes more challenging as the spatial frequency increases. The average difference in
contrast between reconstructed and target light field for these examples provides the data for the modulation transfer
function shown in Figure 11 in the manuscript and highlights that MTF is computed for a fixed display thickness.



Front Layer - Heuristic Decomposition

Front Layer - Tomographic Decomposition

Rear Layer - Heuristic Decomposition Rear Layer - Tomographic Decomposition

Figure S.9: Additional results for comparison between existing dual-layer HDR display decompositions [Seetzen
et al. 2004] (center) and our tomographic decomposition (right) for a test pattern (left). The front layer is sharpened
in both approaches, while the rear layers displays a blurred version of the target image.

D Additional Analysis of Display Parameter Optimization
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Figure S.10: Individual plots for all scenes showing the PSNR for an increasing number of layers and display
thicknesses. The average performance over all scenes (top) is also shown in Figure 8 in the primary text. In general,
the performance is best with a display thickness that is close to that of the virtual scene with a sufficient number of
intermediate layers. In practice, the performance is scene-dependent and in most cases, a good reconstruction is
achieved with a display thickness that is approximately half of the scene depth or even less. Few layers with a large
spacing in between the layers yields poor image quality.



E Depth of Field for Multi-Layer Displays

This supplementary appendix provides an extended analysis of the depth of field for multi-layer displays, expanding
on Section 4.2 of the primary text. We begin by deriving the upper bound on the spatio-angular bandwidth of any
multi-layer, attenuation-based display by applying the central limit theorem to interpret repeated convolutions of
mask spectra. This upper bound is shown, for two layers, to encompass prior depth of field expressions for parallax
barriers and integral imaging [Moller and Travis 2005; Zwicker et al. 2006]. However, as demonstrated in Section 4
and observed by Gotoda [2010], tomographic decompositions cannot depict all spatio-angular frequencies with equal
fidelity—indicating a depth of field more akin to parallax barriers far from the display. We conclude by analyzing
the statistical properties of multi-layer displays, again via repeated convolutions, to characterize the expected depth
of field. This expression is consistent with existing automultiscopic displays, exhibiting a spatial cutoff frequency
inversely proportional to the distance of a virtual surface from the display. Yet, as demonstrated in the primary text,
both the upper bound and expected depth of field indicate multi-layer displays can significantly increase the spatial
resolution for virtual objects located close to the display surface, as compared to current architectures.

E.1 Depth of Field for Conventional Automultiscopic Displays

As described by Zwicker et al. [2006], the depth of field of an automultiscopic display is an expression describing
the maximum spatial frequency that can be depicted, without aliasing, in a virtual plane oriented parallel to, and
located a known distance from, the display surface. As established in that work, the depth of field can be assessed by
analyzing the spectral properties of the displayed light field. For conventional parallax barriers and integral imaging,
the discrete sampling of emitted rays (u, a) produces a light field spectrum [ (fu, fa) that is non-zero only within a
rectangle. As described by Chai et al. [2000] and Durand et al. [2005], the spectrum of a Lambertian surface, located
a distance d,, from the middle of the display, corresponds to the line f, = (d,/d;) f, in the frequency domain, where
d, is the distance between the u-axis and s-axis, following Figure 3 in Section 3. The spatial cutoff frequency
is given by the intersection of this line with the spectral bandwidth of the display. To summarize, conventional
automultiscopic displays have a finite depth of field such that the spatial frequency f, in a plane at d, must satisfy

el e ferldd e < Non .
o (W) fo, otherwise, :

where N, is the number of angular views, & is the thickness of the display, and fy = 1/2p is the spatial cutoff
frequency of a mask layer with a pixel size of p.

E.2 Upper Bound on Depth of Field for Multi-Layer Displays

The upper bound on the depth of field for a multi-layer display is similarly assessed by considering the maximum
spectral bandwidth. It is shown in Section 3.3 that the light field [(u, a) emitted by a multi-layer display is given by
N,

l(u,a) =lo(u,a) [ tr(u+ (di/dv)a), (S.2)
k=1
where ly(u, a) is the backlight profile and t5(&) is the transmittance of mask k. In this appendix the backlight is
assumed to be uniform, such that lo(u, a) = 1, and the target light field is normalized such that I(u, a) € (0, 1]. With-
out loss of generality, it is also assumed that the mask layers are uniformly distributed such that dy, € [—h/2, h/2].
The light field spectrum I (fus fa) is given by the two-dimensional Fourier transform of Equation S.2, as follows.

00 o M
(fu, fa) = / / H tre(u+ (di/dy)a) e~ 2™ futt g=2miac gy, dg, (S.3)

k=1
By the convolution property of Fourier transforms [Bracewell 1999], this expression reduces to a repeated convolu-
tion of the individual mask spectral #,( fe), such that the light field spectrum is given by
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Figure S.11: Upper bound on the depth of field for multi-layer displays. From left to right, the spectral support is
illustrated for two-layer, three-layer, and nine-layer displays, evaluated using Equations S.4 and S.5. The system
parameters correspond with the prototype described in Section 4 of the primary text, with the parameterization
variable d, = h/2. Note that, following Equation S.12, the expected bandwidth of an N;-layer display converges
to a bivariate Gaussian distribution for large N;. Following Equation S.14, the ellipse corresponding to the upper
bound on achievable spatio-angular frequencies is denoted by a dashed red line. The ellipse corresponding to the
expected depth of field, as given by Equation S.15, is indicated by a dashed green line. Note that both estimates of
the depth of field exceed the bandwidth of conventional automultiscopic displays, shown as a dashed white line.

N
Z(fm fa) = ®£k(fu) 5(fa - (dk/dr)fu) = il(fu) 5(fa - (dl/dr)fu) Q.- ®£Nl(fu) 5(fa - (le/dr)fu)a (54)
k=1

where X denotes the repeated convolution operator. Note that each mask produces a spectrum 1, (f,, f.) that lies
along a slanted line, following Chai at al. [2000]. Since each mask has a finite resolution, the individual spectra may
be non-zero only for | f,,| < fo. Thus, we define the maximum spectral bandwidth of any given mask as follows.

te(fu, fa) = {261fo7 for | fu| < foand |fo — (di/dy) ful < §

0, otherwise

(S.5)

This definition corresponds to a thin mask with a spatially-varying opacity characterized by a white noise process
(i.e., a uniform spectral energy density) [Haykin 2000]. Note that, as derived by Chai et al. [2000], the spectrum of
a mask at dj, will be non-zero along a single line, with slope dj/d,, only in the limit as € tends to zero.

E.2.1 Two-Layer Displays

For a fixed number of layers, the depth of field can be algebraically or geometrically constructed directly by substi-
tuting Equation S.5 into Equation S.4. Note that, for the purposes of deriving an upper bound, the specific form of
Equation S.5 is immaterial—only the limited spectral extent is considered. For example, consider the case of two
masks, separated by a distance h. The emitted light field spectrum is given by

[(fu, fa) = 7§1 (fu) 5(fa - (h/(2dr))fu) ® 7§Z(fu) 5(fa + (h/(2dr))fu) (5-6)

As shown in Figure S.11, this gives a diamond-shaped region enclosing the non-zero spectral support of any two-
layer display. Following the approach of Zwicker et al. [2006], the spatial cutoff frequency f¢ is again found by
intersecting the line f, = (d,/d,) f,, with the boundary of the maximum-achievable spectral support. This geometric
construction yields the following upper bound on the depth of field for any two-layer, attenuation-based display.

h
el = <<h/2>+|d|> fo 57
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Comparing Equations S.1 and S.7 reveals the benefits of non-heuristically-constructed two-layer displays. For a fixed
display thickness h, we conclude that conventional parallax barriers and integral imaging achieve the maximum
spatial resolution far from the display. However, the resolution close to the display is reduced, by a factor up
to N, (i.e., the number of angular views), compared to the upper bound. Thus, conventional fixed spatio-angular
resolution tradeoffs [Georgiev et al. 2006] compromise resolution for virtual objects near the display. In comparison,
our multi-layer tomographic decomposition is capable of locally varying the spatio-angular resolution tradeoff; as
demonstrated in the primary text, this allows accurate depiction of virtual objects at the full mask resolution near the
display, while exhibiting a depth of field similar to conventional methods far from the display.

E.2.2 Multi-Layer Displays

The upper bound for an arbitrary number of layers can be assessed using similar methods. Figure S.11 shows the
geometric construction of the spectral support for a three-layer display, composed of masks at d; = —h/2, dy = 0,
and d3 = h/2. The resulting depth of field is given by the following expression.

(%) Jo, for|do| < h

[fel < . ,
(W) fo, otherwise

(S.8)

Thus, the display bandwidth exceeds conventional two-layer architectures, motivating the development of multi-
layer decompositions for enhanced 3D display. At this point, one may proceed to construct a tight upper bound
for any number of layers. However, this construction becomes geometrically cumbersome. Instead, we apply the
central limit theorem [Peebles 2000] to obtain an approximate expression for the spectral support due to the repeated
convolutions in Equation S.4; as derived by Chaudhury et al. [2010], the repeated convolution of N; two-dimensional
spectra, each with mean p, = [0, 0] and covariance matrix Xy, tends to a bivariate Gaussian distribution, such that

N,
1
) exp (—QfT21f> , for o= "5, (S.9)
k=1

where f = [f,, fa] is a given spatio-angular frequency. The cumulative mean spatio-angular frequency . = ug = 0,
since each mask spectrum is symmetric about the origin as defined in Equation S.5. The covariance matrix for each
mask is given by substituting Equation S.5, such that

Wfusfo) = (27r\2|é

lim X = lim

e—0 e—0

[ff; S22 P20 S dadla [%5 [%5 Fua b fus fo) dfe dfa] gt
S22 I Fufatifus fa) dfudfa J75 [0 f2 00 fus fo) dfu dfa 1% (%))
(S.10)

where the limit of € tending to zero corresponds to an infinitesimally-thin mask. Thus, the cumulative covariance
matrix of the emitted light field spectrum is approximated by the summation

N o2 0 2 | N 0
. . fu o fO
=) = o ] =3, (NZ(NZH)) (£>2 : (S.11)
k=1 fa 12(N;—1) -

for masks uniformly-spaced on the interval d € [—h/2, h/2]. Substituting into Equation S.9 yields the following
approximation for the expected spectrum of an N;-layer display.

N 1 f2 f2
U(fus fa) = () exp (— 5= o5 (S.12)
2noy,07, 205, 20%,

In the remainder of this appendix, this expression is used to characterize both the upper bound and the expected
depth of field, as depending on the number of layers IV;, display thickness h, and mask cutoff frequency fo = 1/2p.
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Figure S.12: Comparing the upper bound to the expected depth of field for multi-layer displays. (Left) The upper
bound on the achievable spatio-angular frequencies, as given by Equation S.14. (Right) The expected depth of field,
as given by Equation S.16. Note that the expected spatial resolution for our prototype exceeds that of a comparable
parallax barrier or integral imaging architecture, as given by Equation S.1, particularly close to the display surface.
Increasing the thickness of the display extends the depth of field, both within the display enclosure, as well as beyond
its surface. In both figures, the horizontal dashed black line denotes the maximum spatial frequency fq for an
individual mask. Dashed vertical lines denote the display extent (i.e., |d,| < h/2). Display parameters correspond
to those for the prototype described in Section 4 of the primary text.

As shown in Figure S.11, the average spectral support of a multi-layer display is a bivariate Gaussian. Note that
curves defining spatio-angular frequencies with equal expected modulation energies correspond to ellipses, such
that

2 2
fT“ + f—g =\, (S.13)
%% %fa

where Aoy, and £Aoy, are the points of intersection with the f,-axis and f,-axis, respectively. At this point,
one can obtain an approximate upper bound on the depth of field, for an arbitrary number of layers, by finding the
intersection of the line f, = (d,/d;) f., with the ellipse corresponding to the highest spatial frequency achievable by
an Nj-layer display. From Equations S.4 and S.5, the repeated convolution of N; masks, each extending over =+ fj
along the f,-axis, will produce non-zero spatial frequencies within the region |f,| < N;fo. Thus, the ellipse with
X = Ny fo/oy, provides the following approximate upper bound on the depth of field for an /V;-layer display.

(N; + 1)h?
|[fel < szo\/(Nl + 1)h% + 12(N; — 1)d2

(S.14)

This expression approximates the depth of field for two-layer and three-layer displays, given exactly by Equations S.7
and S.8, respectively. A comparison of the upper bound for multi-layer vs. conventional automultiscopic displays
is shown in Figure S.12. Note that additional layers significantly increase the upper bound on the achievable spatial
resolution, which is expected due to repeated convolution of individual mask spectra via Equation S.4.

E.3 Expected Depth of Field for Multi-Layer Displays

While the upper bound in Equation S.14 indicates the potential of multi-layer displays to significantly increase the
spatio-angular resolution of automultiscopic displays, such dramatic gains do not appear to be realized in practice.
As described in Sections 4 and 7 of the main text, attempting to replicate a spatial frequency |f¢| > fo (i.e., higher
than the Nyquist rate allowed by the mask pixels), especially in a plane far from the display, leads to significant
blurring and reconstruction artifacts. Thus, we desire a more conservative estimate of the depth of field practically
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achievable with multi-layer displays. In this section we consider the statistical properties of multi-layer displays to
characterize an expected depth of field consistent with experiments presented in the primary text.

As shown in Figure S.11, the expected energy spectrum of a multi-layer display containing masks with random
opacity is a bivariate Gaussian distribution. We observe that the expected modulation energies, for spatio-angular
frequencies near the upper bound ellipse given by A\ = N;fo/oy, in Equation S.13, approach zero. Thus, while
such spatio-angular frequencies are feasible, significant energy cannot be delivered within this range. However, for
spatio-angular frequencies closer to the origin, the expected modulation energy increases. This observation is used
to derive an expected depth of field expression for multi-layer, attenuation-based displays.

We assume that a display designer will not attempt to exceed the spatial resolution physically achievable on the outer
mask layer (i.e., |f¢e| < fo). If this is the case, then one can define the expected depth of field as the set of spatio-
angular frequencies that, on average, can be modulated with energies equivalent to that achieved for a sinusoid with a
spatial frequency fo = 1/2p rendered on the display surface. Thus, we substitute A = /6(2N; — 1)/(N; (N, + 1))
into Equation S.13 such that the depth of field satisfies | f¢| < fo in a plane located at d, = h/2 from the middle of
the display. This yields the following expected depth of field expression.

2(2N; — 1)h2
|f§’éfo\/(Nl+1)h2+12(Nl—1)dg (S.15)

Taking the limit as /V; tends to infinity gives the expected depth of field for a volumetric attenuator, as follows.

4h?

< S.16
|fel < fo EESTY? (S.16)
As shown in Figure S.12, this expression predicts that a multi-layer display can, on average, achieve spatio-angular
frequencies exceeding conventional designs, particularly for virtual objects near the display surface or when the

thickness & of the display exceeds that of a conventional parallax barrier construction.

In this supplementary appendix, we have provided an upper bound and expected trends for the depth of field of
multi-layer displays. From the upper bound it is apparent that the spatio-angular bandwidth of multi-layer displays
significantly exceeds conventional two-layer architectures. However, experiments in the primary text confirm a
limited depth of field similar to conventional automultiscopic designs. We caution that additional theoretical work
is required to fully quantify such displays, yet we believe our upper bound and expected depth of field do provide
a solid intuition: multi-layer displays exhibit a finite depth of field, similar to existing automultiscopic designs,
wherein the resolution far from the display falls as | f¢| < y(h/|do|) fo, where 7 is a proportionality constant that
depends on the system architecture (e.g., ¥ = 1/+/3 for multi-layer displays via Equation S.16). This trend is used
in Section 4 to motivate the manual construction of an approximate display prefilter, similar to Zwicker et al. [2006],
wherein the finite depth of field is accounted for by blurring objects as they translate away from the display. Yet,
the complex interplay between spatio-angular resolution and reconstruction artifacts for tomographically-optimized
multi-layer displays remains a promising direction of research.
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